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Abstract
We have studied the configurations of minimal energy of N charges on a curve on the
plane, interacting with a repulsive potential Vij = 1/r
s
ij , with s ≥ 1 and i, j = 1, . . . , N .
Among the examples considered are ellipses of different eccentricity, a straight wire and
a cardioid. We have found that, for some geometries, multiple minima are present, as
well as points of unstable equilibrium. For the case of the cardioid, we observe that
the presence of the cusp has a dramatic effect on the distribution of the charges, in the
limit N ≫ 1.
1 Introduction
In this paper we study the question of how N equal charges, repelling each other with a
potential V (rij) = 1/r
s
ij (rij is the euclidean distance between the two charges) and s ≥ 1,
distribute themselves on a plane curve (either open or close). This problem is a variant
of the well known Thomson problem [1], that amounts to finding the configurations of N
charges on a sphere for which the total electrostatic energy is minimal. Although the original
motivation of Thomson, to provide a model of the atom, has soon become obsolete with
the advent of Quantum Mechanics, the interest towards the model has increased over the
time, in particular related to the study of topological defects [2, 3, 4, 5, 6, 7, 8, 9, 10], of
colloidal systems [4, 11], of the structure of viruses [12, 13] and of the properties of crystals
on curved surfaces [6], among others.
Apart these physical applications, the Thomson problem has been used as a benchmark
problem in testing global optimization algorithms [14, 15, 16, 17, 18, 19, 20, 21], being
a challenging computational problem. The difficulty in finding the numerical solutions to
this problem is due to the rapid growth of the number of configurations corresponding to
local minima of the electrostatic energy, which grows exponentially with N , as observed
by Calef et al. [22] (these authors report that, for N ≈ 200, there are more than 10000
stable configurations). Examples of global minima obtained with a numerical approach
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can be found, for instance, in Refs. [14, 15, 17, 19] report (Ref. [19], in particular, reaches
configurations of up to 4352 charges). Moreover, this problem has also been studied in
relation to the problem of discretizing manifolds using minimum energy points [23, 24, 25].
Another variant of Thomson problem considers the optimal arrangement of equal charges
inside a disk or under the action of a confining potential. Also in this case the computational
complexity of the problem is greatly increased by the exponential growth of the number of
local minima, as the number of particles trapped inside the domain grows. The properties
of such systems have been studied by different authors, as for instance refs. [26, 27, 28, 29,
32, 33, 34, 35, 36].
The focus of the present paper is on one–dimensional systems, represented by N charges
arranged on a plane curve, in a way that the total electrostatic energy is globally minimal.
Although asymptotic (N →∞) estimates for the behavior of the total energy of these sys-
tems have been derived [38, 39], the study for finite N has been essentially restricted to the
case of a straight needle [40, 41], and mainly focussed on the continuum limit, N → ∞.
Jackson in particular has studied the charge density of a thin straight wire, as the transver-
sal dimension shrinks, and proved that it approaches (slowly) a uniform distribution [42, 43]
(quite interestingly, in ref. [43] Jackson points out that the problem had been already ad-
dressed by Maxwell in one of his last papers [44]).
We have obtained precise numerical results for different curves (circle, ellipses, straight
needle and cardiod) and for configurations with different number of charges, interacting via
a potential V (rij) = 1/r
s
ij and s ≥ 1. We have observed the appearance of multiple local
minima; for the case of ellipses of different eccentricity we observe the tendency towards
a uniform distribution of charges as N → ∞, while, for the case of the cardioid, the cusp
affects greatly the charge distribution, particularly in the region of the cusp.
The paper is organized as follows: in Section 2 we discuss the case of a unit circle,
which is exactly solvable, and reproduce the correct leading asymptotic behavior of the
energy with great accuracy; in Section 3 we present the numerical results for ellipses of
different eccentricity, a unit straight needle and a cardioid; finally in Section 4 we present
our conclusions.
2 An exactly solvable example: the unit circle
Due to the particular symmetry of the problem, a configuration of N charge evenly dis-
tributed on the circle corresponds to a stable configuration of equilibrium. It is easy to
convince oneself that, when the charges are distributed in such a way that the distance of
each charge from its closest neighbors to the left and to the right is constant, the resultant
of all forces acting on that particular charge must be normal to the circle.
We parametrize the curve as
r(θ) = cos θ iˆ+ sin θ jˆ ; 0 ≤ θ < 2π (1)
and select a suitable configuration corresponding to the angles
θk(N) =
2πk
N
; k = 1, . . . , N (2)
The distance between two charges in this case is given by
rij = |ri − rj | = 2
∣∣∣∣sin π(i − j)N
∣∣∣∣ (3)
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and the total energy of the system takes the form
Es =
N∑
i=2
i−1∑
j=1
1
rsij
=
N
2s
N−1∑
k=1
1
sins πkN
(4)
with s ≥ 1 (s = 1 is the Coulomb potential).
Since this expression can be evaluated efficiently with high accuracy and limited effort,
we may use it to estimate the asymptotic expression for Es(N) as N →∞ and contrast the
numerical results obtained using eq. (4) with the exact asymptotic results of [38, 39] (see
for example eqns (4.1)-(4.6) of [39]).
In particular, we consider the electrostatic potential, corresponding to s = 1 and calculate
the energies corresponding to the configurations for different values of N . We have found
out that the most accurate fits correspond to using the form
2
E1(N)
N2 logN
∣∣∣∣
N≫1
≈ c0 +
kmax∑
k=1
ck
N2(k−1) logN
(5)
Using a set of numerical results from N = 370 to N = 400 (obtained with 40 digit
accuracy) and using the fit above with kmax = 6, we have obtained the estimates
c0 = 0.3183098861837906715377675267
c1 = 0.039990213075053317106153170
c2 = −0.0436332312998582394231
These results should be compared with the exact results of Refs. [38, 39] (Γ is the length
of the curve)
c
(exact)
0 =
2
|Γ| =
1
π
≈ 0.31830988618379067153776752674
c
(exact)
1 = Φ1(Γ) +
2
|Γ| (γ − log 2)
=
γ
π
+
log(2)
π
− log(π)
π
≈ 0.0399902130750533171061531699456 (6)
where, for the circle
Φ1(Γ) =
1
|Γ|2
∫ 2π
0
du
∫ 2π
0
dt

 1
2
√
sin2
(
t
2 − u2
) − 1
min
(
2π −
√
(t− u)2,
√
(t− u)2
)


=
2 log(2)
π
− log(π)
π
≈ 0.0768923606293969297433251339198 (7)
The two leading coefficients predicted by the formulas of refs. [38, 39] are thus reproduced
very accurately by the fits of the numerical data (underlined digits in the expressions of c0
and c1 obtained from the fit agree with the exact results of refs. [38, 39]).
Note that, for even values of s, the energy of eq. (4) can be calculated exactly:
E2(N) =
N
(
N2 − 1)
12
E4(N) =
N
(
N2 − 1)
720
(
N2 + 11
)
. . . = . . .
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3 Numerical results
In this section we report and discuss the equilibrium configurations for N charges confined
on curves in the plane and subject to repulsive interactions Vij = 1/r
s
ij , where rij is the
euclidean distance between any two charges and s ≥ 1. The examples that we have consid-
ered are ellipses of different eccentricity, a straight segment of unit length (needle) and a
cardioid.
In all cases the equilibrium configurations have been found numerically, with high accu-
racy, applying the Newton method, for different number of charges.
3.1 Ellipse
The second example that we consider, is the ellipse described by the parametric equation
r(θ) = (b cos θ, sin θ) ; 0 ≤ θ < 2π (8)
where b > 1 is the major semiaxis. Clearly this domain is symmetric with respect to
reflections about the principal axes ((x, y) → (x,−y) and (x, y) → (−x, y)) and inversion
through the origin ((x, y)→ (−x,−y)).
In this case, the equilibrium configurations can only be found numerically. As for the
other examples that we consider in this work, Newton’s method has been used to find the
minima of the electrostatic energy, for a wide range of number of charges. Typically in all
our numerical results the value of the energy has been determined with an accuracy of 100
digits.
A first interesting discovery that we have made studying the Thomson problem on ellipses
of different eccentricity, is that the number of equilibrium configurations (both stable and
unstable) increases as b takes larger and larger values, for a given number of particles on
the ellipse. This behavior is displayed in Fig. 1, where we have plotted the total number of
equilibrium configurations (left plot) and the number of stable equilibrium configurations
(right plot), as a function of the number of charges on the ellipse, repelling each other with
a Coulomb force (s = 1), up to 30 charges. One can notice that, as b grows, the number
of available configurations also grows, with a peak that moves to the right. The number
of configurations eventually decreases as N gets sufficiently large, contrary to the behavior
observed for the Thomson problem on a sphere, where the number of local minima grows
exponentially with N , for large N [22].
An example of these configurations is displayed in Figs. 2 and 3 for the case N = 10 and
N = 11, obtained numerically for an ellipse with b = 3, for s = 1. In general, for a given
N , there are at least two configurations: if N is even, the configuration of minimal energy
(global minimum) is symmetric with respect to reflections about the two principal axes and
with respect to the origin, whereas a second (either stable or unstable) configuration of
slightly higher energy is symmetric only with respect to reflections about the vertical axis;
if N is odd, the configuration of minimal energy is even with respect to reflections about
the vertical axis, whereas a second (unstable) configuration is symmetric with respect to
reflections about the horizontal axis.
The different configurations for a give number of charges have been obtained running the
algorithm a few times, for the same number of charges, starting from randomly generated
configurations.
We have found out that the configurations with lowest energy are separated by a gap
that decays exponentially with N : in general the numerical results are fitted
∆E|fit = ae−βN−γ/N−δ/N
2
(9)
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Figure 1: Left plot: Total number of equilibrium configurations on ellipses with major semi-
axis b = 2, 3, 4, 5 (in order of increasing values); Right plot: number of stable configurations
-3 -2 -1 0 1 2 3
-1.0
-0.5
0.0
0.5
1.0
-3 -2 -1 0 1 2 3
-1.0
-0.5
0.0
0.5
1.0
-3 -2 -1 0 1 2 3
-1.0
-0.5
0.0
0.5
1.0
-3 -2 -1 0 1 2 3
-1.0
-0.5
0.0
0.5
1.0
Figure 2: Equilibrium configurations of 10 charges on an ellipse with b = 3 for s = 1.
The configurations are displayed according to increasing energy, from left to right and from
top to down. The configurations in the first row are stable, the ones in the lower row are
unstable.
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Figure 3: Equilibrium configurations of 11 charges on an ellipse with b = 3 for s = 1. The
left configuration is stable, the right one is unstable.
For the case in Fig. 4, corresponding to b = 2 and s = 1, the fits (solid lines in the plot)
are
∆Eodd(N) ≈ 2.935 e−0.578N−
11.148
N
+ 18.292
N2 (10)
∆Eeven(N) ≈ 2.224 e−0.287N−
7.879
N
+ 9.392
N2 (11)
In Fig. 5 we plot the values of β obtained from the fits above, for the cases s = 1 and
b = 1.5, 2, 2.5, 3, both for configurations with even (blue dots) or odd (red dots) number of
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Figure 4: Energy gap between the two lowest configurations for an ellipse with b = 2 and
charges interacting via a Coulomb potential (s = 1), as a function of the number of charges
on the ellipse. The lower (higher) points correspond to configurations with N odd (even).
The solid lines are fits.
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Figure 5: β as a function of the major semiaxis, for s = 1. The lines are the fits for the
even (solid) and odd (dashed) configurations.
charges. The lines (solid and dashed) correspond to the simple fit
β(s, b) =
β¯(s)
b− 1 (12)
In particular, for the case in the figure, we have
β¯even(1) = 0.268 (13)
β¯odd(1) = 0.537 (14)
We observe a mild dependence on s of β¯(s) since
β¯even(2) = 0.254 (15)
β¯odd(2) = 0.513 (16)
and
β¯even(3) = 0.250 (17)
β¯odd(3) = 0.509 (18)
The numerical results that we have obtained allow us to address the question of how the
charges tends to distribute over the ellipse as N grows. In the left plot of Fig. 6 we plot the
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distance between consecutive charges normalized by the average distance ℓ¯ = Γ/N (Γ is the
perimeter of the ellipse), for N = 100 charges and for b = 2 and s = 1 (note that 〈ℓ/ℓ¯〉 = 1).
In the right plot of Fig. 6 we display the standard deviation ∆ℓ ≡
√
〈(ℓ/ℓ¯− 1)2〉 as a
function of the number of charges, up to 100 charges. The slow decay of ∆ℓ for N ≫ 1
signals the tendency of the charges to distribute uniformly on the ellipse.
The analogous of Fig. 6, for the case of s = 2, are shown in Fig. 7. In the left plot,
corresponding to N = 100, we see that the deviations from uniformity are very small
(max(|ℓ/ℓ¯− 1|) ≈ 10−4 − 10−5); moreover, the system approaches the uniform distribution
rather rapidly, as one can see from the right plot, representing the standard deviation ∆ℓ.
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Figure 6: Left plot: ℓ/ℓ¯ for the configuration of 100 charges distributed on the ellipse with
major semiaxis b = 2 and with s = 1. The points correspond to the distance between a
charge and its neighbor, divided by the average length ℓ/N ; the curve is a fit with trigono-
metric functions. Right plot: Standard deviation of ℓ/ℓ¯ as a function of the number of
charges distributed on the ellipse with major semiaxis b = 2 and with s = 1. The blue (red)
points correspond even (odd) values of N .
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Figure 7: Left plot: ℓ/ℓ¯ for the configuration of 100 charges distributed on the ellipse with
major semiaxis b = 2 and with s = 2. The points correspond to the distance between a
charge and its neighbor, divided by the average length ℓ/N ; the curve is a fit with trigono-
metric functions. Right plot: Standard deviation of ℓ/ℓ¯ as a function of the number of
charges distributed on the ellipse with major semiaxis b = 2 and with s = 2. The blue (red)
points correspond even (odd) values of N .
In addition to the previous results, we have also used the numerical results obtained for
the different cases to estimate with good accuracy (3− 4 decimals) the leading behavior of
the electrostatic energy for N ≫ 1, obtained in [38].
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3.2 Straight needle
The problem of how electric charges distribute over a finite straight wire has been first
discussed by Maxwell [44], and (much) later rediscovered by several authors (see Refs. [40,
41, 42, 43, 45]). In particular Griffiths and collaborators [40, 41] have studied the discrete
version of this problem, which they refer to as ”bead model”, in which N equal charges
distribute on a finite straight wire of size 2a, under the action of the repulsive Coulomb
force between them. These authors found that the charges tend slowly towards a uniform
distribution as N grows, with a mild logarithmic behavior of the density at the ends of the
segment.
Our first approach to the problem is considering a uniform distribution of N charges
on the needle of unit length (|x| ≤ 1/2). In this case the charges are located at xi =
−1/2 + (i − 1)/(N − 1), with i = 1, . . . , N .
The electrostatic energy for this configuration is
Es(N) = 2(N − 1)s
N∑
i=2
i−1∑
j=1
1
|i− j|s , s ≥ 1 (19)
In particular, for s = 1, we have
E1(N) = 2(N − 1)N (HN − 1) (20)
where γ ≈ 0.5772 is the Euler-Mascheroni constant and HN ≡
∑N
k=1
1
k is the N
th harmonic
number. For N →∞, the asymptotic behavior of the energy is
E1(N) ≈ 2N2 logN + 2(γ − 1)N2 − 2N logN + (3− 2γ)N + . . . (21)
where the leading term agrees with the exact expression of refs. [38, 39].
Similarly, for s = 2 and for N →∞ one has
E2(N) ≈ π
2N3
3
− 2N2 logN − 2
3
(
3 + 3γ + π2
)
N2
+ 4N logN +N
(
π2
3
+ 4γ + 4
)
+ . . . (22)
Once again the leading term in E2(N) for N →∞ coincides with the general expression
of refs. [38, 39].
We have obtained the optimal configurations of systems with different number of charges
(N = 2, 3, . . . , 200 and N = 500, 1000, 2000) on the unit straight needle, using the Newton
method. In the left plot of Fig. 8 we report the standard deviation of the Coulomb electro-
static energy of a system of N charges, ∆
(E)
N , as a function of N ; one can appreciate that
∆
(E)
N decreases monotonically with N , suggesting that it may tend to 0 as N →∞.
In the right plot of Fig. 8 we report the behavior of the electrostatic energy of a single
charge, normalized with the average electrostatic energy of the system, for configurations
with large number of charges, N = 500, 1000, 2000. In this case we see that, going from 1000
to 2000 charges, the electrostatic energy undergoes a sudden change: while for N . 1000 the
charges at the center of the needle have a lower energy, the situation dramatically changes
for N & 1000, with the charges at the ends of the needle now being at lower energy (the
thin horizontal line at Ek/〈E〉 = 1 is just meant to guide the eye, whereas the thin orange
line corresponds to the electrostatic energy of a perfectly uniform distribution).
A similar analysis is performed in Fig. 9 for the standard deviation of the interparticle
distance of a system of N charges on the unit needle, for s = 1; as we appreciate from
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Figure 8: Left plot: standard deviation for the electrostatic energy of a system of N charges
on a unit straight needle as a function of the number of charges for s = 1; Right plot:
electrostatic energy of the charges on the needle for systems with N = 500, 1000, 2000
charges (black dotted, red dashed and solid blue lines respectively, for s = 1. The thin
orange line is the energy corresponding to the uniform distribution of 2000 charges.
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Figure 9: Left plot: standard deviation for the interparticle distance of a system ofN charges
as a function of the number of charges for s = 1; Right plot: normalized interparticle distance
of the charges on the needle for systems with N = 500, 1000, 2000 charges (black dotted,
red dashed and solid blue lines respectively, for s = 1.
the left plot, also in this case the standard deviation decreases monotonically with N and
seems to tend to 0 for N → ∞. This clearly suggests that the system is approach a
uniform distribution for N →∞. In the right plot of Fig. 9 we compare the distributions of
(normalized) interparticle distances for configurations corresponding to N = 500, 1000, 2000.
Unlike the case of the electrostatic energy, we see that the three curves are qualitatively
similar and correspond to configurations where the charge density at the center of the needle
is lower.
3.3 Cardioid
Our last example is the cardioid defined by the equation
~R(t) =
√
2
3
(cos t+
1
2
cos 2t, sin t+
1
2
sin 2t) , 0 ≤ t < 2π (23)
The reason for studying this curve is to assess the effect, if any, of the cusp on the charge
distribution, for N → ∞. We have obtained numerically all the equilibrium configurations
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Figure 10: Equilibrium configurations of 16 charges on the cardioid for s = 1. The configu-
ration in the left plot has a lower energy.
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Figure 11: Equilibrium configurations of 17 charges on the cardioid for s = 1. The configu-
ration in the left plot has a lower energy.
for charges ranging from N = 2 to N = 200, for potentials corresponding to s = 1, 2, 3. The
configurations with 500 and 1000 charges have also been calculated for the cases s = 1, 2.
For all the cases studied we have found out that there are always two different equilibrium
configurations: one in which the cusp is not occupied by any charge and one in which a
charge sits on the cusp itself. The numerical results show that the first configuration has
lower energy only at low density (for s = 1, N ≥ 16). In Figs. 10 and 11 we show the
configurations for s = 1 with 16 and 17 charges respectively, where the left plot in each
figure corresponds to the configuration of lower energy. Unlike for the case of the ellipse,
where the energy gap between the lowest configurations was decreasing exponentially with
the number of charges, in this case the gap grows for N ≫ 1 (see Fig. 12).
An interesting behavior is found when we plot the polar angles, ordered in a monotonic
sequence, for the lowest energy configurations of 500 and 1000 charges as a function of
k/N , where k is an integer number that labels each charge (k = 1, . . .N). The left plot of
Fig. 13, corresponding to charges interacting via the Coulomb potential, suggests that two
sets, respectively represented by dots and by a solid line, have the same behavior.
A simple two parameters fit of the points corresponding to the configurations of 1000
charges
Θ(x) =
{
f(x) , 0 ≤ x ≤ 1/2
2− f(1− x) , 1/2 < x ≤ 1 (24)
10
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Figure 12: Energy gap between the two lowest configurations for the cardioid with charges
interacting via a Coulomb potential (s = 1), as a function of the number of charges on the
ellipse. The solid line is a fit.
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Figure 13: Left plot: Polar angles for the lowest energy configurations of 500 and 1000
charges (dots and solid line respectively) with s = 1, as a function of the k/N (k is the
integer index labelling each charge). Right plot: detail of the left plot (the red dots now
correspond to the configuration of 1000 charges, whereas the solid line is the two paramer
fit (25))
where
f(x) = (1−√1− 2x) [a+ b(x− 1/2)] , 0 ≤ x ≤ 1
2
(25)
with
a = 0.99315 , b = −0.51928 (26)
describes particularly well the observed behavior. The right plot of Fig. 13 shows a detail
of the left plot, around the region of the cusp, where the solid line corresponds to the fit
(25) and the red dots correspond to the angles for the configuration with 1000 charges.
In the left plot of Fig. 14 we plot the distance between consecutive charges on the cardioid,
normalized by the average distance (ℓ/(Γ/N)), for the configuration of 1000 charges, and
s = 1 (Coulomb potential). In this case one observes that in the region of the cusp (t ≈ π)
the distance deviates sensibly from the uniform distribution (i.e. from ℓ/(Γ/N) ≈ 1). In
the right plot the standard deviation of the interparticle distance is plotted as a function of
the number of charges, for N = 2, 3, . . . , 200 and N = 500, 1000. The standard deviation
reaches a maximum at N ≈ 100, followed by a slow decay.
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Figure 14: Left plot: ℓ/ℓ¯ for the configuration of 1000 charges distributed on the cardioid
and interacting with the Coulomb potential (s = 1). The points correspond to the distance
between a charge and its neighbor, divided by the average length ℓ/N ; the solid curve is a
gaussian fit. Right plot: Standard deviation of Nℓ/Γ as a function of the number of charges
distributed on the cardioid with s = 1.
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Figure 15: Left plot: ℓ/ℓ¯ for the configuration of 1000 charges distributed on the cardioid
and interacting with a potential with s = 2. The points correspond to the distance between
a charge and its neighbor, divided by the average length ℓ/N ; the solid curve is a gaussian fit.
Right plot: Standard deviation of Nℓ/Γ as a function of the number of charges distributed
on the cardioid with s = 2.
Fig. 15 is the analogous of Fig. 14, for the case of a potential with s = 2: in this case
we observe that the deviation from uniformity for the configuration of 1000 charges is more
pronounced than in the case of a Coulomb potential (see left plot of Fig. 15). Similarly we
observe that the standard deviation of the interparticle distance as a function of the number
of charges grows monotonically in the range of charges that we have considered, with a slope
that decreases sensiblly for 500 < N < 1000.
4 Conclusions
In this paper we have studied the problem of how N charges that are repelling each other
with an electrostatic force distribute on a curve on the plane; this problem is the analogous
of the celebrated Thomson problem, regarding N charges on the sphere. Previous work
for configurations with finite number of charges has mainly been focussed on the straight
needle, with the first analysis dating back to Maxwell [44]; the case corresponding to N →∞
has been studied more recently, in particular in refs. [38, 39], where the leading asymptotic
behavior of the electrostatic energy for closed and open curves has been obtained. These
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results, however, do not include the particular case in which cusps are present and do not tell
anything on the behavior at finite N . We have studied the configurations for N charges on
the circle, on ellipses of different eccentricity, on a straight needle and on a cardioid, using the
Newton method to obtain very precise numerical results, for configurations corresponding
to different number of charges and different electrostatic forces.
We may resume our findings with the following points:
• for the case of the circle, it is possible to obtain the leading asymptotic coefficients
for the electrostatic energy, derived in refs. [38, 39], with high accuracy, performing a
suitable extrapolation of the precise numerical results for different N ;
• for the cases of ellipses of different eccentricity, we see that, at small N , there are
several equilibrium configurations, both stable and unstable, and that the number of
configurations tends to increase with s (s = 1 for the Coulomb potential); moreover
the energy gap between the lowest two configurations decreases exponentially with N ,
as N →∞;
• for the case of a straight needle we observe the tendency to approach a uniform distri-
bution for N → ∞, as already found by other authors; interestingly we find that the
electrostatic energy of the individual charges undergoes a dramatic change at a large
value of N , 1000 . N . 2000;
• for the case of a cardioid, the presence of the cusp affects greatly the behavior of the
system. For all studied number of charges we have found there are two configurations:
for N ≤ 16 the lowest energy configuration corresponds to disposing the charges on
the cardioid in a way that the cusp is not occupied, whereas for N ≥ 17 the lowest
energy configuration always corresponds to the case where the cusp is occupied. The
energy gap between these two configurations increases with N , in sharp contrast with
the case of the ellipse. Even more interestingly, the cusp is seen to affect greatly the
distribution of charges on the curve, with a sizeable effect in proximity of the cusp
itself; the standard deviation of the normalized interparticle distance in this case does
not appear to tend to 0 for N →∞, particularly for the case corresponding to s = 2;
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